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Non-Hermiticity in Weyl Hamiltonian leads to the realization of Weyl exceptional rings and flat
bands inside the Weyl exceptional rings. Recently, the platform of non-Hermitian physics is extended
to many-body or disordered systems where quasiparticles possess finite lifetime. Here, we clarify
that the deviation from unitarity limit in a disordered Weyl semimetal leads to the generation of
Weyl exceptional rings regardless of the detail of the scattering potential. In the case of topological
Dirac semimetals, hybrid rings and flat bands without vorticity of complex-energy eigenvalues are
realized. This scenario is applicable to any Weyl or Dirac semimetals. These effects are detectable
by using photoemission or quasiparticle interference experiments.
I. INTRODUCTION
Recently, topology in non-hermitian systems attracts
much attention because of its significant effects on elec-
tronic structures1–5, and also non-equilibrium dynam-
ics, particularly focusing on PT -symmetric systems8.
Non-hermiticity of Hamiltonian implies that the quan-
tum system has energy gain or loss. Therefore, many-
body or disordered systems with finite life time of
excitations1,8–13 as well as open quantum systems or non-
equilibrium systems14 are platforms of non-hermitian
physics. For many-body or disordered systems, the band
structure of the non-Hermitian Hamiltonian possesses
exceptional points, where the eigen vectors as well as
the eigen energies are degenerate, and thus, they cannot
span the full Hilbert space1,5,8. The exceptional points
are regarded as topological defects in the momentum
space, and classified by the K theory, as in the case
of band structures of topological insulators and topo-
logical metals3,5. Remarkably, the non-Hermite topo-
logical energy bands are experimentally observable via
angular-resolved photoemiession spectroscopy (ARPES)
or quasiparticle interference experiment (QPI) measure-
ments. Therefore, it is an important issue to elucidate
the conditions for realizing topological exceptional points
in real materials.
In the case of Weyl semimetal bands, the exceptional
points form a ring surrounding a Weyl point, which is
referred to as a Weyl exceptional ring (WER), and also
a flat band located inside the WER appears. A theo-
retical study of a Weyl fermion system with dissipation,
which can be realized in cold atomic systems, showed
that spin-dependent gain or loss in this system leads to
the formation of a WER and the generation of a flat band
inside the WER15. For solid state Weyl semimetal sys-
tems, a WER and the flat band inside the WER can be
induced by impurity scatterings10. According to previous
studies, the tilt of the Weyl cones in the disordered WSM
leads to the formation of WERs. This result is applicable
to disordered WSMs with tilted Weyl cones. However,
Weyl semimetal materials with large tilts of Weyl cones
are rather limited. Therefore, for the experimental ver-
ification of WERs in Weyl semimetals, it is desirable to
explore for more general mechanisms of WERs.
In this paper, we discuss the condition for the real-
ization of disorder-induced WERs in WSMs. We clar-
ify that WERs generally appear regardless of the detail
of scattering potentials as long as the impurity scatter-
ings are not in the unitarity limit. This result implies
that the realization of WERs is possible for almost all
of WSMs, and its experimental detection via ARPES or
QPI measurements for the well-established WSMs, such
as TaAs or Co3Sn2S2, is feasible. We, furthermore, in-
vestigate a fate of WERs and the flat bands inside WERs
at Weyl semimetal-insulator transition induced by tun-
ing symmetry-breaking fields, and propose that the two
WERs merge into a hybrid exceptional ring, at the transi-
tion point where a topological Dirac semimetal (TDSM)
realizes, leading to a flat band without vorticity of the
phase of complex-energy eigenvalues inside the hybrid
ring.
This paper is organized as follow. In Sec. II,
we introduce a model system for a disordered Weyl
semimetal. Here, we define the energy-dependent quasi-
particle Hamiltonian and derive the energy-independent
effective quasiparticle Hamiltonian, which is generally
non-Hermitian. In Sec. III, we discuss disorder-induced
WERs by using the self-consistent T -matrix approxima-
tion. In this section, we verify that as long as the sys-
tem is deviated from the unitarity limit, WERs generally
appear. In addition, we clarify that intra-valley multi-
ple scatterings play a crucial role for the realization of
WERs. In Sec IV, we discuss a fate of WER at topolog-
ical phase transition point. Here, we show that a hybrid
ring and a flat band without vorticity of the phase of
complex-energy eigenvalues are realized just at the tran-
sition point. In Sec V, we discuss the realization of the
hybrid ring in generic TDSM materials.
2II. NON-HERMITIAN QUASIPARTICLE
HAMILTONIAN
In this section, we define the energy-dependent quasi-
particle Hamiltonian, which can be non-Hermitian. By
extracting low energy parts in the vicinity of the poles
of the retarded Green’s function, we can obtain a gen-
eral procedure for constructing the effective energy-
independent quasiparticle Hamiltonian, which can also
be non-Hermitian.
We first introduce the energy-dependent quasiparticle
Hamiltonian H˜(ǫ,p):
H˜(ǫ,p) = H0(p) + Σ(ǫ), (1)
where H0(p) is the single-particle Hamiltonian and Σ(ǫ)
is the self-energy16. With the use of this quasiparticle
Hamiltonian, the retarded Green’s function can be de-
fined as GR(p, ǫ) ≡ [ǫ− H˜(ǫ,p)]−1. Because of the imag-
inary part of the retarded self-energy associated with
the finite lifetime of quasiparticles, the energy-dependent
Hamiltonian is generally non-Hermitian.
The complex poles of the Green’s function is deter-
mined by det[ǫ − H˜(ǫ,p)]. In low energy regions, the
self-energy can be written as Σ(ǫ) = Σ0 + Σ1ǫ + O(ǫ
2).
In the low energy region, we can introduce the energy-
independent quasiparticle Hamiltonian Heff(p):
Heff(p) = [1− Σ1]
−1(H0(p) + Σ0), (2)
whose eigenvalues En(p) determine the complex poles
of the Green’s function because of det[ǫ − H˜(p, ǫ)] ≃
det[ǫ −Heff(p)] = 0. Note that the quasiparticle Hamil-
tonian H˜(ǫ,p) and Heff(p) can be non-Hermitian and
that its spectrum can be complex. The non-Hermitian
matrix can be non-diagonalizable at certain momenta.
These points are called exceptional points (EPs) in the
mathematical physics literature, which are topologically
stable. The topological exceptional points can appear
in the quasiparticle spectrum. In the following sections,
we show that these EPs naturally appears in disordered
WSMs.
III. WEYL EXCEPTIONAL RING AND
TOPOLOGICAL FLAT BAND IN DISORDERED
WSM
A. Weyl exceptional ring : effective quasiparticle
Hamiltonian
Here, we discuss WERs and disorder-induced tilted
Weyl cones by constructing energy-independent effective
Hamiltonian. We consider a minimal two band lattice
model of WSM. The minimal model of WSM is given by
H0(p) = R(p) · σ, (3)
where σ = (σx, σy, σz)
T is a vector of the Pauli matrices
and R(p) = (v sin px, v sin py, γ(cos pz −m))
T . This sim-
ple model of a WSM describes low energy physics of two
adjacent WPs. For example, if we regard that the Pauli
matrices is in the orbital space, this two-band model can
describe the two WPs near L-point in Weyl ferromagnet,
Co3Sn2S2
17.
The model Eq. (3) exhibits the transition between the
WSM phase and the band insulator phase, depending
on the parameter m. In the case that |m| < 1, WPs
appear in p = (0, 0,± cos−1m). At |m| = 1, the positive
and negative chiral fermions overlap in the Brillouin zone
(BZ). For |m| > 1, the band gap opens, resulting in the
band insulator.
We, now, consider effects of disorder potentials in this
system, which are incorporated into the self-energy. As
will be shown later, the self-energy is expressed as Σ(ǫ) =
Σ0(ǫ)σ0 + Σz(ǫ)σz . To obtain the energy-independent
quasiparticle Hamiltonian, we expand it in the energy ǫ
as
Σ0(ǫ) ≡ Σ
0
0 +Σ
1
0ǫ+O(ǫ
2), (4)
Σz(ǫ) ≡ Σ
0
z +Σ
1
zǫ+O(ǫ
2). (5)
As shown in Eq. (2), the quasiparticle Hamiltonian in
low-energy region Heff(p) is written as
Heff(p) = R
′(p) · σ + ab(pz)σ0, (6)
where
R′(p) = (aR′x(p), aR
′
y(p), aR
′
z(p)), (7)
R′x(px, py) = (1 − Σ
1
0)Rx(px) + iΣ
1
zRy(py), (8)
R′y(px, py) = (1 − Σ
1
0)Ry(py)− iΣ
1
zRx(px), (9)
R′z(pz) = (1 − Σ
1
0)(Rz(pz) + Σ
0
z) + Σ
1
zΣ
0
0, (10)
with the renormalizatiuon coefficient a ≡
1/
(
(1− Σ10)
2 − (Σ1z)
2)
)
and b(pz) ≡ (1 − Σ
1
0)Σ
0
0 +
Σ1z(Rz(pz) +Σ
0
z). The b(pz)-term leads to tilted of Weyl
cone9.
The eigenvalue of Heff is expressed as
E±(p) = a
(
±
√
R′x(px, py)
2 +R′y(px, py)
2 +R′z(pz)
2 + b(pz)
)
.
(11)
The non-Hermitian Hamiltonian is not diagonalizable
when the first term in Eq. (11) is zero since there
is only one eigenvector. The exceptional points form
WER on pd, where the equations Re [R
′
z(pdz)] = 0 and
R′x(pxd, pyd)
2 + R′y(pxd, pyd)
2 = Im [R′z(pdz)]
2 are satis-
fied. The above discussion indicates that the imaginary
part of Σz(ǫ) has an important role for the appearance
3B. Disorder-induced Weyl exceptional ring
Here, we clarify that WERs appear regardless of the
detail of the scattering potentials, as long as there are
intra-valley multiple scattering processes. As shown be-
low, neither the orbital dependence of scattering poten-
tials nor magnetic impurities is necessary, in contrast to
two-dimensional Dirac systems, where these specific fea-
tures of scattering potentials are necessary for the real-
ization of exceptional rings8.
We consider randomly distributed impurities and
assume the scattering potential V (x) = V0(σ0 +
βσz)
∑
a δ(x − xa). Here, xa expresses a site of scat-
terers and β is difference of scattering potential between
two orbitals. The self-energy Σ(ǫ) derived from the self-
consistent T -matrix approximation is given as
Σ(ǫ) = nimpT (ǫ) = Σ0(ǫ)σ0 +Σz(ǫ)σz , (12)
T (ǫ) = T0(ǫ)σ0 + Tz(ǫ)σz
= V0 (σ0 + βσz)
+ V0 (σ0 + βσz)
∫
BZ
d3p
(2π)3
G(ǫ,p)T (ǫ), (13)
where T (ǫ) and nimp are the T -matrix and the concentra-
tion of scatterers, respectively. Here, we can decompose
the integrated Green’s function as
∫
BZ
d3p
(2pi)3G(ǫ,p) ≡
G0(ǫ) + Gz(ǫ)σz . The off-diagonal components of the
integrated Green’s function are canceled since the off-
diagonal components of Hamiltonian is odd functions of
momentum. The Σ0 term broadens the spectrum and
does not qualitatively change the dispersion of quasipar-
ticles. On the other hand, Σz term drastically changes
dispersion relation of quasiparticles as discussed in the
previous section. The expression of integrated Green
function is
G0 =
∫
BZ
d3p
(2π)3
ǫ− Σ0
E˜+(ǫ,p)− E˜−(ǫ,p)
×
(
1
ǫ− E˜+(ǫ,p)
−
1
ǫ− E˜−(ǫ,p)
)
, (14)
Gz =
∫
BZ
d3p
(2π)3
γ cos pz −m+Σz
E˜+(ǫ,p)− E˜−(ǫ,p)
×
(
1
ǫ− E˜+(ǫ,p)
−
1
ǫ− E˜−(ǫ,p)
)
. (15)
where E˜±(ǫ,p) is the complex eigen-energy of the energy-
dependent quasiparticle Hamiltonian H˜(ǫ,p) defined in
Eq. (1), which is given by
E˜±(ǫ,p) =
±
√
(γ(cos pz −m) + Σz(ǫ))2 + v2(sin
2 px + sin
2 py) + Σ0.
(16)
For ǫ = ReΣ0(ǫ), pz = ± cos
−1(m −
ReΣz(ǫ))/γ, sin
2 px + sin
2 py = |ImΣz(ǫ)/v|, the
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FIG. 1: The m-dependence of the radius of a WER. The
parameters are set as, γ = 1, v = 0.6, nimp = 0.05, V0 =
3, β = 0. In this paper, we set the k-mesh size 35× 35× 35.
energy-dependent quasiparticle Hamiltonian is not
diagonalizable. These exceptional points form a
WER. In the surface area enclosed by this WER
sin2 px+sin
2 py < |ImΣz(ǫ)/v|, the real part of complex-
energy eigenvalue vanishes and flat band characterized
by vorticity of the phase of the complex-energy eigenval-
ues is realized. The self-consistent equations (13) can be
transformed as
Σ0(ǫ) = nimpV0
1− (1 − β2)V0G0(
1− V0
(
G0 + βGz
))2
− V 20 (Gz + βG0)
2
,
(17)
Σz(ǫ) = nimpV0
β + (1− β2)V0Gz(
1− V0
(
G0 + βGz
))2
− V 20 (Gz + βG0)
2
.
(18)
In the similar manner to the two dimensional Dirac sys-
tem, the orbital dependence of scattering potential leads
to generation of exceptional point8,9. Interestingly, even
when scattering potential does not have orbital depen-
dence, i.e. β = 0, Σz(ǫ) naturally appears in the case that
m 6= 0. To see this more clearly, we consider isotropic
scattering potentials in the orbital space (β = 0). In this
case, the self-consistent equation (18) becomes
Σz(ǫ) = nimpV0
V0Gz(
1− V0G0
)2
− V 20 G
2
z
. (19)
Eq. (15) shows Gz become finite in the case that the
parameter m is non-zero. Therefore, we can conclude
that WERs can be realized in the case of m 6= 0 even
when β = 0.
The parameterm determines the position of WPs. The
finite m means that the position of WPs deviates from
the symmetric points of BZ : psym = (0, 0,±π/2), which
is defined by H0(−p + psym) = −H0(p + psym). In the
case that WPs are on the symmetric points of the BZ,
the contributions to the integrated Green’s function Gz
from the region pz > pzsym and the region pz < pzsym
4-0.2
-0.15
-0.1
-0.05
0
0.05
0.1
0.15
0.2
-4 -3 -2 -1 0 1 2 3 4
Im
Σ
z
( ε
)
ε
0
0.2
0.4
0.6
0.8
1
1.2
-4 -3 -2 -1 0 1 2 3 4
ρ
(ε
)
ε
FIG. 2: Figure (a) and (b) are the ǫ dependence of ImΣz(ǫ)
and the density of states ρ(ǫ) respectively. The red (solid line),
green (dashed line) and blue (dotted line) curves correspond
to (V0/γ, nimp) = (300, 0.01), (3, 0.05), (−3, 0.05). The other
parameters are set as, γ = 1, v = 0.6, m = 0.3, β = 0.
are exactly canceled. The m-dependence of the radius of
WER is shown in FIG. 1, which indicates that the radius
increases as the function of the distance between the WPs
and the symmetric points. Therefore, the deviation of the
position of WPs from the symmetric point of the BZ is
a key ingredient for the realization of large WERs. We
stress that this condition for large WERs are satisfied for
many of candidate materials of WSMs.
C. Origin of WER and disappearance of WER at
unitarity limit
In this subsection, we verify that the physical origins of
WERs found in the previous subsection are intra-valley
multiple scattering processes. We also discuss disorder-
induced tilted Weyl cones and their asymmetric density
of states (DOS). Moreover, we show that WERs disap-
pear in the unitarity limit.
FIG.2 (a) and (b) show that the ǫ-dependence of
ImΣz(ǫ) and the density of states (DOS) ρ(ǫ), respec-
tively. It is shown that disorder makes the DOS asym-
metric. This asymmetric behavior depends on the sign
of scattering potentials, which implies that the asymme-
try is due to the formation of impurity bands. The red
curves (solid line) in FIG.2 (a) is ImΣz(ǫ) in the unitarity
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FIG. 3: (a) Radius of a WER, |ImΣz(ǫ)/v|, at ǫ = ReΣ0(ǫ).
The parameters are the same as those used in FIG.1. (b)
DOS at the three points indicated by colors, red (solid line),
green (dashed line), and blue (dotted line), in FIG.3(a) :
(V0/γ, β) = (3, 0), (3, 0.4), (3, 0.8).
limit : V0 → ∞, nimp → 0. In this limit, the symmetry
of DOS ρ(−ǫ) = ρ(ǫ) is recovered. In the unitarity limit,
the self-consistent equations for (17) and (18) become
Σ0(ǫ) = −nimpV0
G0(ǫ)
G0(ǫ)2 −Gz(ǫ)2
, (20)
Σz(ǫ) = nimpV0
Gz(ǫ)
G0(ǫ)2 −Gz(ǫ)2
. (21)
In the unitarity limit, the self-consistent equations no
longer depend on β. Here, we assume the ǫ-dependence
of the integrated Green’s function as : G0(−ǫ) =
−G
∗
0(ǫ), Gz(−ǫ) = G
∗
z(ǫ). From Eqs. (20) and (21),
we can easily find Σ0(−ǫ) = −Σ
∗
0(ǫ), Σz(−ǫ) = Σ
∗
z(ǫ).
These conditions and Eqs. (20) and (21) are self-
consistent because E˜−(−ǫ,p) = −E˜
∗
+(ǫ,p) is satisfied.
Therefore, in the unitarity limit, ImΣz(ǫ) = 0 at ǫ =
ReΣ(ǫ) = 0, which implies that WERs do not appear18.
As discussed in Appendix, within the self-consistent
Born approximation, WERs do not appear for β = 019.
The disappearance ofWER in the unitarity limit or in the
Born approximation implies that the origins of the gen-
eration of WERs are multiple scattering processes with
moderate strength of impurity potentials. In addition, as
discussed in Appendix, we found that intra-valley scat-
terings lead to the generation of WER. Therefore, we
conclude intra-valley multiple scatterings in WSM gener-
ally leads to the realization of WERs19. Combining the
results obtained in the previous section, we can conclude
that the deviation from the unitarity limit and the devia-
tion of WPs from the symmetric points of the BZ are cru-
cial conditions for realization of WERs. This is our main
result. These conditions are general and do not depend
on the details of scattering potentials. Neither magnetic
impurities nor the orbital dependence of scattering po-
tentials are necessary. For most of real candidate materi-
als of WSMs, WPs are not located on symmetric points of
the BZ. Therefore, for almost all Weyl material, WERs
can be realized by generic disorder potentials, and the
experimental detection of them are feasible.
In FIG. 3 (a), the radius of WER (|ImΣz(ǫ)/v| at ǫ =
FIG. 4: The left figure is the spectral function at px = py = 0.
The right one is the enlarged figure around the Weyl points.
The red line indicates the dispersion relation of quasiparti-
cles. It shows that the disorder-induced tilted of Weyl cone
appears.
5FIG. 5: Zero energy points ReE˜(p) = 0 and the phase of the energy eigenvalues : (a) WSM phase (|m| < 1), (b) phase
boundary (|m| = 1), (c) insulator phase (|m| > 1).
ReΣ0(ǫ)) is shown. The results in FIG.3 (a) show that
the radius of the WER is increased by β in the manner
similar to the two-dimensional Dirac system9.
Usually, the generation of a flat band is accompanied
with the singular behavior of the DOS20. In FIG. 3 (b),
the DOS for three different values of β are shown. In
FIG.3 (b), we can not see the signature of the realization
of flat bands. As discussed in Appendix, the growth of
a flat band inside the WER leads to the increase of the
DOS. However, it is relatively small20. This is because
that the formation of the flat band inside the WER can
be regarded as split of WPs. Therefore, the increment
of DOS due to the generation of flat band inside WER
is negligibly small in as shown in FIG.3 (b). The asym-
metry of the DOS near ǫ ≃ 0 is originated from energy
dependence of the self energy and disorder-induced tilted
Weyl cones. Actually, as shown in FIG. 4, disorder po-
tentials induce the tilts of Weyl cones, which breaks the
symmetry of the DOS: ρ(−ǫ) = ρ(ǫ).
Here, we discuss the difference between our study and
previous ones. Ref. [9] discusses WSMs with tilted Weyl
cones and shows that the tilt of Weyl cones leads to the
realization of WERs. This scenario is applicable to mul-
tilayer system or Type II WSM. On the other hand, our
proposal is applicable to more general disordered WSM
materials.
To close this section, we comment on the relation be-
tween our two band model and real candidate materials.
If we regard that the Pauli-matrices is in orbital space,
our two band model can be seen as the effective Hamil-
tonian of Weyl ferromagnet Co3Sn2S2
15,17. Actually, our
two band model can describe the low energy physics of
this material governed by WPs near L-points. The sim-
ple band structure derived from half-metalic character
and low carrier density of this material can be consid-
ered as that Co3Sn2S2 is good platform for demonstra-
tion of Weyl physics in condensed matter21. Therefore,
the experimental verification of WERs via ARPES or
QPI measurements is feasible.
IV. FATE OF WER AND FLAT BAND AT
TOPOLOGICAL PHASE TRANSITION POINT
In this section, we discussed a fate of WERs at a topo-
logical phase transition point. We introduce the self-
energy Σ(ǫ) ≃ Σ0σ0 + Σzσz by hand in the two band
model which is discussed in the previous section.
In FIG. 5, we show disorder-induced flat bands inside
WER and the phase of complex-energy eigenvalues for
the WSM phase |m| < 1, the phase boundary |m| = 1
and the band insulator phase |m| > 1. We can see that
flat bands without vorticity of the phase of complex en-
ergy eigenvalues is realized at the topological phase tran-
sition point. At the phase transition point, a vortex and
an anti-vortex of the phase of the complex-energy eigen-
values are overlapped and the vorticities are canceled.
However, at the topological phase transition point, non-
Hermitian Hamiltonian is still non-diagonalizable at the
edge of the flat band. The set of k-points at the edge of
the flat band constitutes a hybrid point ring. In contrast
to EPs which are accompanied by a quantized vortex of
the phase of complex-energy eigenvalues, hybrid points
are not accompanied by a vortex. Hybrid points are
also topological defects of the energy spectrum of non-
Hermitian systems. As shown in FIG. 5, the hybrid ring
is realized at the topological phase transition point.
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FIG. 6: Spectral functions of a TDSM. The left and right
figures show the spectral functions at V0/|t0| = 0.5, 3 respec-
tively. The upper panel shows the spectral functions at ǫ =
ReΣ0(ǫ), pz = cos
−1 (−(t0 + 2t2 +ReΣz(ǫ))/t1). The lower
panel shows the spectral functions at ǫ = ReΣ0(ǫ), py = 0.
The parameters are set to nimp = 0.05, β = 0, V0 = 3, V0 =
1, t0 = −1, t1 = 1, t2 = 0.3, Λ = 0.7.
V. HYBRID RING IN TOPOLOGICAL DIRAC
SEMIMETAL
In previous section, we demonstrate that merging of
two WERs leads to the realization of a hybrid ring. In
this section, we verifies its realization in TDSM systems.
We consider Cd3As2 which is a typical TDSM system
with a simple band structure and topologically protected
Dirac points (DPs)22–24. Since these topologically pro-
tected DPs can not be gapped out as long as the four-fold
rotational symmetry is retained, this material can be con-
sidered as an ideal platform for the realization of hybrid
ring and flat band without vorticity of the phase of the
complex-energy eigenvalues. The effective Hamiltonian
of this material is the same as the sum of two systems
of the lattice model considered in Sec. III. The effective
Hamiltonian is given by
HTDSM0 (p) =
(
h(p) 0
0 −h(p)
)
= h(p)sz , (22)
where h(p) = mpσz + Λ(σx sin pxa + σy sin pya), mk =
t0 + t1 cos pza + t2(cos pxa + cos pya)
25. σi (i = x, y, z)
and si (i = x, y, z) are Pauli matrices in orbital and
spin space, respectively. t1 and t2 are hopping inte-
grals. Λ describes hybridization of s and p orbital due
to anti-symmetric spin-orbit interaction. The effective
Hamiltonian can be regarded as the sum of two WSM
models with opposite chirality. The sum of positive and
negative chiral Fermions leads to DPs, which appear at
p = (0, 0,± cos−1(−(t0 + 2t2)/t1)).
To verify the realization of the hybrid ring in the
TDSM, we introduce disorder potentials in this model
by using the self-consistent T -matrix approximation.
We consider the scattering potential V (x) = V0(σ0 +
βσz)
∑
a δ(x− xa). Here, xa expresses a site of scatter-
ers and β is the difference between scattering potentials
of s and p orbitals. In FIG. 6, the spectral function of
the TDSM is shown. The flat band appears even when
β = 0. Asymmetry of scattering potentials in orbital
space increases the radius of the hybrid ring in a manner
similar to the case of two-band Weyl model discussed in
the previous sections.
VI. CONCLUSION
In this paper, we have investigated disorder-induced
WERs, clarifying the general condition for their realiza-
tion. The deviation of the position of WPs from the sym-
metric points of the BZ and the deviation from unitarity
limit are crucial for the realization of WERs in generic
disorderedWSMs. In our scenario, WERs appear regard-
less of the details of scattering potentials. Therefore, for
almost all of WSMs, WERs can be realized, and exper-
imentally detectable. In particular, our two-band model
is relevant to the Weyl ferromagnet, Co3Sn2S2.
In addition, we have verified that the generation of the
flat band inside the WER leads to the small increase of
the DOS. Moreover, the energy dependence of the self-
energy leads to the disorder-induced tilted Weyl cone and
asymmetry of the DOS. These features can be experi-
mentally verified by STM measurements. Finally, a fate
of WER at a topological phase transition point was dis-
cussed. We have found that, at the transition point where
the TDSM state is realized, merging of two WERs with a
vortex and an anti-vortex of complex energy eigen-values
leads to the realization of the hybrid ring and topological
flat band without vorticity. We have demonstrated the
realization of the hybrid ring and the flat band in the
case of Cd3As2. The experimental verification of hybrid
rings via ARPES or QPI measurements is feasible.
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7Appendix A: Complex energy-eigen value of
ǫ-independent quasiparticle Hamiltonian
Here, we demonstrate that energy dependence of self-
energy leads to tilted Weyl cones. Considering low energy
regions, we expand the self-energy as,
Σ(ǫ) = Σ0(ǫ)σ0 +Σz(ǫ)σz
= (Σ00 +Σ
1
0ǫ)σ0 + (Σ
0
z +Σ
1
zǫ)σz +O(ǫ
2),(A1)
where the upper subscript shows the order of frequency.
There is no off-diagonal component of the self-energy be-
cause the off-diagonal components of Hamiltonian are
odd functions of momentum.
The complex energy eigen-value equation of the 2-band
Weyl model is given as,
det (ǫ−H0(p)− Σ(ǫ)) =
∣∣∣∣(1− Σ
1
0 − Σ
1
z)ǫ − h(pz)− Σ
0
0 − Σ
0
z −v (sin px − i sin py)
−v (sin px + i sin py) (1− Σ
1
0 +Σ
1
z)ǫ + h(pz)− Σ
0
0 +Σ
0
z
∣∣∣∣ = 0, (A2)
where we define h(pz) = γ(cos pz −m). The dispersion relation is derived from this equation. The complex energy
eigenvalue is given as,
E±(p) = a
(
±
√
b(pz)2 + a−1
[
(h(pz) + Σ0z)
2 + v2
(
sin2 px + sin
2 py
)]
+ b(pz)
)
, (A3)
with a ≡ 1/
(
(1− Σ10)
2 − (Σ1z)
2)
)
and b(pz) ≡ (1 −
Σ10)Σ
0
0+Σ
1
z(Rz(pz)+Σ
0
z). Σ
1
0 can be incorporated as the
renormalization of the Fermi velocity and band width.
On the other hand, Σ1z changes qualitatively the disper-
sion relation of quasiparticles. We also found that Σz(ǫ)
leads to tilting of the Weyl cone.
Appendix B: Disappearance of Weyl exceptional
ring within Born approximation
Here, we verify that Weyl exceptional ring does not
appear within the Born approximation. We consider the
two-band model discussed in the main text.
H0(p) = γ(cos pz −m)σz + v(sin pxσx + sin pyσy),(B1)
We assume the orbital dependent impurity potential
V (x) = V0(σ0 + βσz)
∑
a δ(x − xa). The self-energy
within the self-consistent Born approximation is given
by
ΣSCBA(ǫ) = nimpV0(σ0 + βσz)
+ nimpV
2
0 (σ0 + βσz)G(ǫ)(σ0 + βσz),(B2)
where G(ǫ) ≡ d
3p
(2pi)3G(ǫ,p) is the integrated Green’s func-
tion. Because the off-diagonal components of the Hamil-
tonian are odd functions of momentum, the integrated
Green’s function is diagonal. Therefore, it is written as
G(ǫ) = G0σ0 +Gzσz. This means that the self-energy is
also given as,
ΣSCBA(ǫ) = ΣSCBA 0(ǫ)σ0 +ΣSCBA z(ǫ)σz . (B3)
The self-consistent equation (B2) gives
ΣSCBA 0(ǫ) = nimpV
2
0
[
(1 + β2)G0(ǫ) + 2βGz(ǫ)
]
,
(B4)
ΣSCBA z(ǫ) = nimpV
2
0
[
2βG0(ǫ) + (1 + β
2)Gz(ǫ)
]
.
(B5)
The integrated Green’s function is given by
G0 =
∫
BZ
d3p
(2π)3
ǫ− ΣSCBA 0
E˜+(ǫ,p)− E˜−(ǫ,p)
×
(
1
ǫ− E˜+(ǫ,p)
−
1
ǫ − E˜−(ǫ,p)
)
, (B6)
Gz =
∫
BZ
d3p
(2π)3
γ cos pz −m+ΣSCBA z
E˜+(ǫ,p)− E˜−(ǫ,p)
×
(
1
ǫ− E˜+(ǫ,p)
−
1
ǫ − E˜−(ǫ,p)
)
. (B7)
where E˜±(ǫ,p) is the complex energy eigenvalue of non-
Hermitian Hamiltonian H˜(p) ≡ H0(p)+ΣSCBA(ǫ), which
is given as,
E˜±(ǫ,p) = ±
√
(γ(cos pz −m) + ΣSCBA z(ǫ))2 + v2(sin
2 px + sin
2 py) + ΣSCBA 0(ǫ). (B8)
In the case of β = 0, ΣSCBA 0(ǫ) ∝ G0(ǫ), ΣSCBA z(ǫ) ∝ Gz(ǫ) are satisfied. Here, we
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FIG. 7: p0-dependence of a radius of Weyl exceptional
ring. We set impurity potential as: nimp = 0.03 , Vintra =
3, Vinter = 0.
postulate the ǫ-dependence as,
G0(−ǫ) = −G
∗
0(ǫ), (B9)
Gz(−ǫ) = G
∗
0(ǫ), (B10)
ΣSCBA 0(−ǫ) = −Σ
∗
SCBA 0(ǫ), (B11)
ΣSCBA z(−ǫ) = Σ
∗
SCBA z(ǫ). (B12)
The series of equations (B4)-(B7) and the energy depen-
dence of the integrated Green’s function and the self-
energy (B9)-(B12) are self-consistent. We have numer-
ically checked the ansatz (B9)-(B12). The, we end up
with,
ReΣ0(ǫ = 0) = 0, ImΣz(ǫ = 0) = 0. (B13)
This means that Weyl exceptional ring does not appear
for β = 0 within the self-consistent Born approximation.
Appendix C: The origin of Weyl exceptional ring
Here, we discuss that the origin of disorder-induced
Weyl exceptional rings and show that intra-valley scat-
terings lead to the generation of Weyl exceptional rings.
To identify the origin of the Weyl exceptional ring, we
introduce the valley index τz = diag(1,−1) and consider
a valley-separated model:
H0(p) = τz(pz − τzp0)σz + (pxσx + pyσy), (C1)
where we choose the position of WPs as p0 = (0, 0,±p0).
From now on, we introduce scattering potentials as
V (x) =
∑
a
δ(x− xa) (Vintraσ0τ0 + Vinterσ0τx) , (C2)
where τi (i = x, y, z) are the Pauli matrices of the valley
space. Here, Vintra and Vinter are intra-velley and inter-
valley scattering potentials, respectively.
We apply the self-consistent T -matrix approximation.
The self-energy and the T -matrix are given by,
Σ(ǫ) = nimpT (ǫ), (C3)
T (ǫ) = (Vintraσ0τ0 + Vinterσ0τx)
+ (Vintraσ0τ0 + Vinterσ0τx)
∫
d3p
(2π)3
G(ǫ,p)T (ǫ).
(C4)
We can easily find that the inter-valley scattering leads
to Σ(ǫ) ∝ τx, σzτx which opens energy gaps at Weyl
points.
The intra-valley scattering generates Weyl exceptional
rings. In FIG. 7, we show the the p0-dependence of a
radius of the Weyl exceptional ring. It is shown that the
separation of Weyl points increases the radius of the Weyl
exceptional ring. As we demonstrated above, Weyl ex-
ceptional rings do not appear within the self-consistent
Born approximation. Therefore, we can conclude that
that the separation of Weyl points and intra-valley scat-
terings are the necessary and sufficient conditions for
the realization of Weyl exceptional rings in generic Weyl
semimetals.
Appendix D: The increase of the density of states
due to the appearance of the Weyl exceptional ring
Here, we clarify that the DOS is increased by the ap-
pearance of WERs. To discuss the relation between the
DOS at the energy of the WER and the radius size of it,
we consider the simple energy-independent quasiparticle-
Hamiltonian,
Heff(p) = −iΓ + (pz − iγ)σz + pxσx + pyσy , (D1)
where σi (i = x, y, z) are the Pauli matrices, and we as-
sume Γ, γ ∈ R. Because of the causality, Γ ≥ 0 and
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FIG. 8: |γ/Γ|-dependence of the DOS ρ(ǫ = 0). we set Γ = 0.1
and momentum cut-off as pcut = 3.
9|γ| ≤ Γ are assumed. In this model, a WER appear for
p2x + p
2
y < γ
2 and the flat band is generated inside the
WER. Usually, the flat band has the large DOS. There-
fore, it is natural to consider the relation between the
radius of the WER and the increase of the DOS.
We plot the DOS ρ(ǫ = 0) as a function of |γ/Γ| in
FIG. 8. We can see that the DOS is increased by the
generation of the WER and the flat band. The increase of
the DOS due to the generation of the flat band inside the
WER is moderate compared with the case of a usual flat
band (for instance, that in the case of bilayer graphene
system)20.
1 H. Shen, B. Zhen, and L. Fu, Phys. Rev. Lett. 120, 146402
(2018).
2 Z. Gong, Y. Ashida, K. Kawabata, K. Takasan, S. Hi-
gashikawa, and M. Ueda, Phys. Rev. X 8, 031079 (2018).
3 K. Kawabata, K. Shiozaki, M. Ueda, and M. Sato, arXiv :
1902.08479 (2018).
4 T. E. Lee, Phys. Rev. Lett. 116, 133903 (2016).
5 K. Kawabata, T. Bessho, and M. Sato, arXiv : 1902.08479
(2019).
6 N. Hatano and D. R. Nelson, Phys. Rev. Lett. 77, 570
(1996).
7 K. Kawabata, Y. Ashida, H. Katsura, and M. Ueda, Phys.
Rev. B 98, 085116 (2018).
8 V. Kozii and L. Fu, arXiv : 1708.05841 (2017).
9 M. Papaj, H. Isobe, and L. Fu, Phys. Rev. B 99, 201107
(2019).
10 A. A. Zyuzin and A. Y. Zyuzin, Phys. Rev. B 97, 041203
(2018).
11 K. Moors, A. A. Zyuzin, A. Y. Zyuzin, R. P. Tiwari, and
T. L. Schmidt, Phys. Rev. B 99, 041116 (2019).
12 T. Yoshida, R. Peters, and N. Kawakami, Phys. Rev. B
98, 035141 (2018).
13 Y. Michishita, T. Yoshida, and R. Peters, arXiv :
1905.12287 (2019).
14 N. Hatano, Molecular Physics pp. 1–7 (2019).
15 Y. Xu, S.-T. Wang, and L.-M. Duan, Phys. Rev. Lett. 118,
045701 (2017).
16 H. Shen and L. Fu, Phys. Rev. Lett. 121, 026403 (2018).
17 A. Ozawa and K. Nomura, arXiv : 1904.08148 (2019).
18 We numerically checked the possibility of the other solution
and could not find it.
19 See appendix.
20 D. Marchenko, D. Evtushinsky, E. Golias, A. Varykhalov,
T. Seyller, and O. Rader, Science Advances 4, eaau0059
(2018).
21 E. Liu, Y. Sun, N. Kumar, L. Muechler, A. Sun, L. Jiao,
S.-Y. Yang, D. Liu, A. Liang, Q. Xu, et al., Nat Phys 14,
1125 (2018).
22 S. Borisenko, Q. Gibson, D. Evtushinsky, V. Zabolotnyy,
B. Bu¨chner, and R. J. Cava, Phys. Rev. Lett. 113, 027603
(2014).
23 B. Lv, H. Weng, B. Fu, X. Wang, H. Miao, J. Ma,
P. Richard, X. Huang, L. Zhao, G. Chen, et al., Phys.
Rev. X 5, 031013 (2015).
24 S. Kobayashi and M. Sato, Phys. Rev. Lett. 115, 187001
(2015).
25 Z. Wang, H. Weng, Q. Wu, X. Dai, and Z. Fang, Phys.
Rev. B 88, 125427 (2013).
